THE SINGULAR FIBRE OF THE HITCHIN MAP 



PETER B. GOTHEN AND ANDRE G. OLIVEIRA 

Abstract. We give a description of the singular fibre of the Hitchin map on the mod- 
uli space of L-twisted Higgs pairs of rank 2 with fixed determinant bundle, when the 
corresponding spectral curve has any singularity of type A,„_i. In particular, we prove 
directly that this fibre is connected. 



1. Introduction 

Let X be a compact Riemann surface of genus g and let L — )■ X be a holomorphic 
line bundle. An L-twisted Higgs pair or Hitchin pair is a pair {E, (f), where E ^ X is a 
holomorphic vector bundle and ip G H^{X,End{E) ® L) is an L-twisted endomorphism. 
In particular, if K denotes the canonical line bundle of X, then a i^'-twisted Higgs pair 
is a Higgs bundle. 

Denote hj A4^ the moduli space of semistable L-twisted Higgs pairs of rank 2 with 
fixed determinant bundle A — )■ A and tY{{p) = 0. The Hitchin map 

n: Ml^H^X.L') 
{E,^)^dei{^) 

is a proper map. It plays a central role in many important aspects of Higgs bundle theory. 
Two examples are integrable systems (see, e.g., Hitchin [13], Bottacin [6j, Markman [TB] 
and Donagi-Markman [9j) and the study of special representations of surface groups (now 
known as Hitchin representations) initiated by Hitchin |14|. More recently, the Hitchin 
map played a crucial role, for example, in the work of Kapustin and Witten [15], Frenkel 
and Witten [lO] and Ngo [HIIIH]. 

For a section s G H^{X, L^), let Xg be the spectral curve given by the zero locus of s 
inside the total space of L. Then A^ — )■ A is a double cover. Note that if s = det{(p) then 
the preimage of x G A corresponds to the eigenvalues of if^'- E^® L^. 

The spectral curve Ag is smooth if and only if the divisor of zeros of s is reduced. It 
is an essential feature of the integrable systems picture for the Hitchin map that its fibre 
over such a generic s is an abelian variety. In the present case this abelian variety is the 
Prym variety of the double cover A^ — ?■ A, i.e. the part of the Jacobian of A^ which is 
anti-invariant under the natural involution induced by exchanging the sheets of the double 
cover. 
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At the other extreme, the most special fibre of the Hitchin map is the fibre over zero, 
which is known as the nilpotent cone. The nilpotent cone is singular and has a complicated 
structure: it contains the fixed point locus of the natural C*-action on Ai^ (given by 
multiplication on the Higgs field) and has an irreducible component for each component 
of this fixed point locus. In particular, the nilpotent cone contains the moduli space of 
bundles as the locus ip = 0. Since the nilpotent cone encodes the topology of the moduli 
space, it has been studied extensively (see e.g. [5] and references therein). 

Our main goal in this paper is to give a description of the remaining special fibres of 
the Hitchin map, corresponding to the case of s = det{(f) being non-zero and having at 
least one multiple zero. Here there are two cases to distinguish, corresponding to whether 
the spectral curve is irreducible or not. 

When the spectral case is irreducible, we use the correspondence between Higgs pairs 
on X and rank one torsion free sheaves on Xg to show that the fibre of the Hitchin map is 
essentially the compactification by rank 1 torsion free sheaves of the Prym of the double 
cover Xs ^ X (see Theorem 16.11 below for the detailed statement). In order to prove 
this, we make use of the the compactification of the Jacobian of Xs by the parabolic 
modules of Cook [71 |8] in order to describe the fibre correctly. One advantage of this 
compactification is that it fibers over the Jacobian of the normalization of X^, as opposed 
to the compactification by rank one torsion free sheaves. 

In the case of reducible spectral curve, we resort to a direct description of the fibre as a 
stratified space (Theorem 17. 71 below). This approach seems to us simpler than attempting 
to use the spectral curve approach. 

All together, our results allow us to prove the following main result (Theorem 18. ip . 
Again, the description of the fibre of the Hitchin map via parabolic modules is an essential 
ingredient in the proof. 

Theorem. Assume that deg(L) > 0. For any s G H^{X,L^), the fibre of the Hitchin 
map % : M.^ — t- if°(X, L^) is connected. Moreover, if s 0, the dimension of the fibre is 
dim{n-\s)) = dL + g-l. 

We should point out that if {2,d) = 1, the degree of L is greater than or equal to 2 (7 — 2 
and 7^ K^, then the moduli space is known to be irreducible and then the connectedness 
of the generic fibre can be used to prove connectedness of all fibres (see Proposition 13.71 
below). Thus, it is important to notice that our results apply independently of the degree 
of the twisting line bundle L (as opposed to most other studies of the moduli space of 
twisted Higgs pairs carried out so far). 

We also point out that Frenkel and Witten [lOl Sec. 5.2.2] proved the connectedness of 
the fibre in the particular case of irreducible spectral curve having only simple nodes as 
singularities. Their argument makes implicit use of the parabolic line bundles introduced 
by Bhosle in [1]. In the case of simple nodes parabolic line bundles are the same as 
parabolic modules but, in general, they are different objects. 

It seems quite likely that our relatively explicit description of the fibre could be useful 
as a tool for further study of geometric and topological properties of the singular fibre 
and we hope to come back to this question on another occasion. 

To finish this introduction, we give an outline of the organization of the paper. In 
Sections [2] and |3] we give some background on Higgs pairs and the spectral curve and in 
Section m we review the theory of line bundles and the Prym variety in the case of singular 
irreducible spectral curve. Then, in Section [5l we introduce the parabolic modules and 
give some results, which are used in Section E] to describe the fibre of the Hitchin map 
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in the case of irreducible spectral curve. In Section [7] we deal with the case of reducible 
spectral curve. Finally in Section 18.11 we put everything together to prove our main 
theorem. 

Acknowledgments. We thank U. Bhosle, N. Hitchin and T. Pantev for useful discus- 
sions. We also thank an anonymous referee for helpful comments and in particular for 
pointing out that the connectedness result could be extended to also cover the fibre of the 
Hitchin map over zero. 

2. HiGGS PAIRS 

Let X be a compact Riemann surface of genus g ^ 2 and let K = Kx be the canonical 
bundle of X. Denote by Jac(X) = Pic''(X) the Jacobian of X, which parametrizes degree 
holomorphic line bundles on X; we also write Jac'^(X) = Pic'^(X). 

Definition 2.1. Let L be a fixed holomorphic line bundle over X. An L-twisted Higgs 
pair of type (n, d) over X is a pair (V, (p), where is a holomorphic vector bundle over 
X, with rk(K) = n and deg{V) = d, and is a global holomorphic section of End(V") ^L, 
called the Higgs field. A Higgs bundle is a if-twisted Higgs pair. 

Throughout the paper we shall make the following assumption (see Remark 18.21 for 
comments on the case deg(L) = 0). 

Assumption 2.2. The line bundle L — X satisfies deg(L) > 0. 

Definition 2.3. Two L-twisted Higgs pairs (V, (p) and {V, ip') are isomorphic if there is 
a holomorphic isomorphism f : V ^ V such that (p'f = (/ ® 

Using GIT, Nitsure [20] constructed the moduli space Aiiin, d) of ^-equivalence classes 
of rank n and degree d semistable L-twisted Higgs pairs over X. In this paper we shall 
only be concerned with the case n = 2. In this case, the definition of stability of L-twisted 
Higgs pairs takes the following form. 

Definition 2.4. An L-twisted Higgs pair (V, ip) of type (2, d) is: 

• stable if deg(A) < d/2 for any line bundle N cV such that p>{N) C NL. 

• semistable if deg(X) ^ d/2 for any line bundle N C V such that p{N) C NL. 

• polystable if is semistable and for any line bundle Ni G V such that (p{Ni) C XiL 
and deg(Xi) = d/2, there is another line bundle X2 C such that (p{N2) C X2L 
and V = Ni® N2. 

The notion of S'-equivalence for Higgs pairs is defined analogously to the case of vec- 
tor bundles and, as in that case, each S'-equivalence class contains a unique polystable 
representative. 

The following is known from [5l Theorem 1.2] (see also Nitsure [201 Proposition 7.4] 
and Simpson [22i Theorem 11.1]): if {n,d) = 1, deg(L) ^ 2g — 2, and either L = K or 
L" 7^ K", then the moduli space AiL{n,d) is smooth (and irreducible) with 

dim ML{n,d) = n'^ deg{L) + 1 + dim Lri(X, L). 

There is a map 

p : Miin, d) — > Jac'*(X) x iJ°(X, L) 
(\/,V^)^(A"r,tr(^)). 
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For each fixed A G Jac (X), we define the moduli space of L-twisted Higgs pairs of type 
(n, d) with fixed determinant A to be the subvariety of A^l(?t,, d) given by the fibre of p 
over (A, 0): 

Mi{n,d)=p-\K,Q). 

Accordingly, we say that (V, ip) is an L-twisted Higgs pair with fixed determinant A, if 
K^V ^ A and tr(v?) = 0. 

Nitsure [201 Theorem 7.5] proved that in rank two, the moduh space is connected for 
any L. His proof goes through unchanged in the fixed determinant case, so we have the 
following result. 

Proposition 2.5. For any L, d and A, the moduli spaces A^L(2,(i) and M.^{2,d) are 
connected. □ 

Henceforth, we shall assume that n = 2 and also drop n and d from the notation, 
writing simply M.^ and M.^ for the rank two moduli spaces. 

The Hitchin map is defined by taking the characteristic polynomial of ip. Thus, on the 
rank two, fixed determinant moduli space, it is given as follows: 

Definition 2.6. The Hitchin map on A^^ is the map 

iV,^) ^ det(v9). 
3. The spectral curve 

In this section we recall the construction and basic properties of the spectral curve; see 
[31 [121 [13] for details. The following notation will be used for the remainder of the paper: 
we denote the degree of the line bundle L by 

dL = deg(L) > 

and write 

D, = div(s) G Sym^'^^(X) 
for the divisor of a section s G H^{X, L?). 

3.1. The spectral curve and Higgs pairs. We begin by reviewing the construction of 
the spectral curve Xs associated to a section s G H^{X, L^). Consider the complex surface 
T given by the total space of the line bundle L, and let vr : T — )■ X be the projection. 
The puUback 7r*L of L to its total space has a tautological section 

A G H^{T,7T*L) 

defined by X{x) = x. 

Definition 3.1. Let s G H^{X,L'^). The spectral curve Xg associated to s is the zero 
scheme in the surface T of the section 

X^ + n*s G H\T,Ti*L'). 

The following simple observations (cf. Section 3 of [3]) will be of relevance later. 

Remark 3.2. The spectral curve X^ is always reduced, but it may be singular and re- 
ducible. In fact, it is smooth if and only if s only has simple zeros and it is irreducible if 
and only if s is not the square of a section of L. Note that if Dg = 2D for some divisor D, 
then L = 0{D) ® N where X is a 2-torsion point of the Jacobian and, in this situation, 
Xg is reducible if and only if N = O. 
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In the present setting, the fundamental result on the relation between the spectral curve 
and Higgs pairs can be formulated as follows (cf. Proposition 3.6] and [T5]): 

Theorem 3.3. Let s G L^) be such that the spectral curve Xg is irreducible. Then 

there is a bijective correspondence between isomorphism classes of torsion-free sheaves of 
rank 1 on Xs and isomorphism classes of L-twisted Higgs pairs {V, (f) of rank 2, where 
ifi : V ^ V^L is a homomorphism with det{if) = s and ti{(f) = 0. The correspondence is 
given by associating to such a sheaf on Xs, the sheaf t^^T on X and the homomorphism 
Ti*J^ — i- Ti^J^ ® L = 7r*(J-' ® 7r*L) given by multiplication by the canonical section A e 
H%Xs,7i*L). 

This theorem will be the main tool to describe the fibre of over a non-zero section 
s e H%X, L^). 

3.2. The generic fibre of the Hitchin map. The material of this subsection is well- 
known but we include it for completeness. Let s G H^{X, L^) be a section with simple 
zeros. Then Xg is smooth and we have a double cover 

(3.1) — >X, 

of X, ramified over Dg. Since Xg is smooth, the torsion free sheaf J-" on Xg, which 
corresponds to (V, (f) under Theorem 13. 3[ is in fact a line bundle F. 
By the Riemann-Hurwitz formula, the genus of Xg is 

(3.2) g{Xg) = 2g-l + dL. 

Moreover, since vr has discrete fibres, we have H'^{Xg,J^) = if*(X, vr^J-"), i = 0,1, for 
any coherent sheaf J-" on X^. Hence, from the Riemann-Roch theorem and from ( 13. 2p . it 
follows that 

deg(7r* J") = deg(J') - di- 
Let % C Jac'^+'^^(X,) be the space of line bundles on Xg such that the determinant of 
their push forward under vr is A G Jac'^(X): 

(3.3) % = {F e Jac'^+'^^iXg) I det(7r,F) ^ A}. 

We will now recall the definition of Prym variety. Consider a connected double cover 

(3.4) p:X' — >X 

of X. Given a divisor E = ^ili i norm ¥\m.p{E) of E is the divisor in X 

defined by 'Yl,^iP{Qi)- terms of line bundles, this gives rise to the norm map 

Nmp : Jac(X') — > Jac(X) 

which is a group homomorphism. 

Definition 3.4. The Prym variety of X' 

Prymp(X') = {X G Jac(X') | Nmp(X) = Ox'} 

is the kernel of the norm map with respect to p. 

Remark 3.5. It is proved by Mumford in [T7] that if p : X' — > X in fl3.4p is a ramified 
double cover, then Prymp(X') is connected, whereas if p is a non-trivial unramified cover, 
then Prymp(X') has two connected components. In the latter case, the Prym variety of 
X' is, sometimes, defined just as the connected component of the kernel of Nmp which 
contains the identity. It is, however, important to note that we define the Prym to be the 
full kernel of Nmp. 
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We will be interested in Prym^(Xs), where vr is the double cover (13. ip . For any line 
bundle F in X^, it is known (see e.g. [5]) that 

(3.5) det(7r,F) = Nm^(F) ® 

so we can rewrite TJr defined in (13.31) as 

% = {F e Jac^+'^^(X,) I Nm^(F) = AL}. 

For each choice of a fixed element Fq of 7^, we therefore obtain a non-canonical isomor- 
phism 

r. = Prym^(X.) 
^ ■ ' F^FF^\ 

Proposition 3.6. Let s G //°(X, L^) have simple zeros. Then there is an isomorphism 
between Ti^^ls) and 7^. 

Proof. Theorem 13.31 gives a bijection between 7^ and isomorphism classes of pairs Higgs 
pairs (V, </?) with fixed determinant A. It remains to see that any (V, ip) thus obtained 
is stable. Suppose that there is a line subbundle N C V = 7r*F such that (p{N) C NL. 
Then N is an eigenbundle of ip. If the corresponding eigenvalue is A G H^{X, L), then the 
other eigenvalue is —A and hence det(<y9) = — A^. It follows that Xs is not smooth (in fact, 
not even irreducible), so there is no such N. The Higgs pair {V, ip) is therefore stable. □ 

The Prym variety is a principally polarized abelian variety of dimension g{Xs) — g = 
di + g — ^- Hence it follows from Proposition 13.61 and (13. 6p that the dimension of the 
generic fibre of 7/ over s is 

(3.7) dimn~\s) = di + g - I. 

In this generic case s has simple zeros and the double cover (13. ip is ramified over Dg, thus 
it follows from (13.61) that T-L~^{s) is connected. 

Under certain conditions on the degree of L, the connectedness of the generic fibre of 
the Hitchin map actually implies that all fibres are connected. To be precise, we have the 
following result. 

Proposition 3.7. Assume that {2,d) = 1 and that moreover deg(L) 2g — 2 and ^ 
. Then the fibres of the Hitchin map are connected. 

Proof. By Stein factorization ([TT], Corollary HI. 11. 15]), the Hitchin map factors as 

n = gon': Mt^Y^H%X,L^), 

where H' has connected fibres and g is a finite morphism. Since the generic fibre of 7/ is 
connected, so is the generic fibre of g. The hypotheses of the proposition guarantee that 
the moduli space is irreducible by O Theorem 1.2]. Hence Y = l-i\M.^) is irreducible 
and we can apply Zariski's main Theorem ([TP, Corollary HI. 11. 14]) and deduce that all 
fibres of g are connected. The result follows. □ 

Remark 3.8. The previous proposition holds more generally for the moduli spaces A^2,(n, d) 
and A^^(n, d), under the conditions (ra, d) = 1, deg(L) ^ 2g — 2 and ^ K^. This is be- 
cause by the independent work of Bottacin (Theorems 4.7.2 and 4.8.4 of [B]) and Markman 
(Theorem 8.5 and Remark 8.7 of [16]) the generic fibre of the Hitchin map is connected, 
and the moduli spaces are irreducible by \p, Theorem 1.2]. 
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4. Line bundles on an irreducible singular spectral curve 

We now move on to give a description of the fibre of the Hitchin map l-L over s G 
H^{X,L?') when Xg is singular. Thus we consider the situation when the section s has 
multiple zeros (cf. Remark 13.21) . There are two different cases to be considered: 

(1) The singular spectral curve Xg is irreducible. This case will be studied in the 
present section, Section [5] and Section El 

(2) The spectral curve Xg is singular and has two irreducible components. This case 
will be studied in Section [71 

Recall that we write Dg = div(s). Note that case (2) occurs exactly when Dg = 2D 
and 0{D) = L. Thus, in the remainder of this section and in Sections and [HI we shall 
consider the case when s G H^{X,L'^) has a multiple zero, and moreover assume that if 
Dg = 2D for some D, then the line bundle L is not isomorphic to 0{D). The spectral 
curve Xg is hence singular and irreducible. 

4.1. The Jacobian. Suppose then that g G X is a zero of s with multiplicity m. Consider 
a local coordinate z on X centered in q such that Xg is defined locally by the equation 

x^-z'^ = 0. 

Let p = vr~^(g) G Xg. If m > 1, p is a singular double point of Xg] it is a simple singularity 
of type Am-i (see for instance Chapter 2, Sec. 8 of |2]). 
The normalization 

TT : Xg — y Xg 

is then a smooth curve and tt is an isomorphism outside of 7r~^(Xf™s), where Xf^^ denotes 
the singular locus of Xg. If m is even, then p is a node (ordinary, if m = 2) and 7T~^{p) = 
{Pi)P2} with pi ^ Pi- If m ^ 3 is odd, p is a cusp and tt^^{p) = pi. 

The following result is well-known. We include the proof for the convenience of the 
reader. 

Proposition 4.1. Suppose that Xg has ri nodes of types A^i-i, i = 1, . . . ,ri (rrii even) 
and, that it has ri cusps of types A^r^i, j = 1, . . . ,r2 (m'j odd). Then there is a short 
exact sequence 

X cE-i(™'-2)/2+E;LiK-i)/2 ^ Jac(X,) ^ Jac(X,) — ^ 0. 

Proof. Assume first that the curve Xg has only one singularity. We consider the cases of 
a node and of a cusp separately. 

Let p be a singular point of Xg and p & U for an open U G Xg, with local equation 
x"^ — z"^ = 0, where m ^ 2 is even. Around p, Xg is reducible and we write 

U = UiUU2 

for the decomposition of U into the two irreducible components. The component Ui (resp. 
Ui) has then defining equation x — z^l"^ = (resp. x + z™/^ =0). The coordinate ring of 
U is 

C[x,z]/{x'^ - z""). 

The desingularization of U is given by two disjoint copies of C which we denote by Ci 
and C2, and the normalization map is 

/ = /iU/2:CiUC2^t/iU[/2 
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defined by 

f{wi) = fi{wi) = (tiJ^/^wi), wi G Ci and /(W2) = 12(^2) = (-^^;™^^^^;2), W2 G C2. 
The corresponding map = 0i © 02 between the coordinate rings is 
: C[a;, - Ci[ti] © C2[t2], 

^^'"^^ / \ /i™/2 1 \ ^ / ,m/2 . \ 

If we write 



(4.2) g[x,z) = Y, 



then 



E—i+j \ ^ —i+j 

Qijt^ and 02(5^(3;, z))(t2) = 2^(-l)*ayt^ 



As a result, if (f)i{g{x, z)Y''\0) denotes the fc-th derivative of (j)i{g{x^z)) at 0, we obtain 

0i(^7(x,;^))«(O)=02((7(x,z))W(O)gC 
for every /c = 0, . . . , (m — 2)/2, and conclude that 

(4.3) U - Spec{(/i, h) G Ci[ti] © C2[t2] I #^0) = #^0), = 0, . . . , (m - 2)/2}. 

Consider now only functions g{x^ z) as in (14.21) which do not vanish at p, i.e., with aoo 7^ 0. 
Then 

0i((7(x,^))(O) = 02((?(x,^))(O)gC* 

and also, if m ^ 4, then 

0i(^7(x,^))(^)(O)=02(^7(x,z))«(O)gC 

for every A; = 0, . . . , (m — 2)/2. Let (C* x C^™'^^''/^)p be the skyscraper sheaf supported 
at p and consider the evaluation map n^O*- — t- (C* x C''™~^''/^)p at p given, for each open 
U, by 

if p ^ U, and 

(/l, /2) ^ (/1(P1)//2(P2), f[iPl) - /^(P2), . . . , /i«'"-'^/'^(pi) - /2""^-'^/'^(P2)) 

if p G t/. This has kernel the image of the sheaf map : — >■ ^*^*x given by 0(f/) = Id 
ii p and by (14.11) if p G f/. Hence we have the exact sequence 

— > C^^ A ^ (C* X C^'"-')/^)^ 0. 

We now consider cusps in the spectral curve. If p is a singular point of Xg and U the 
open set of Xs containing p with local equation — = 0, with m ^ 3 odd, then 
U is now irreducible and one sees analogously to the previous case that there is a map 
: C[x,2;]/(x^ — z"^) — i- C[t] between the corresponding coordinate rings of p and of 
Pi = TT^^{p). is given by 

(4.4) <P{g{x,z))=g{t^,t') 
and 

U - Spec{/ G C[t] I /'(O) = r(0) = ■ ■ ■ = /(™-2)(0) = 0}. 
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Consider the skyscraper sheaf (C*-™ supported at p and again the evaluation 

7f*(9~ — )■ (C^"^"^)/^)„ at p given, for each open U, by 

if p ^ U, and 

if p G f/. This has kernel the image of the sheaf map : ^*^*x ' by = Id 

if p ^ U and by f l4.4p if p G ?7. We have thus the following short exact sequence 

(m-l)/2N _ 







Oh 



0. 



In general, if Xg has more singularities, each of which of type Am-i, we have the short 
exact sequence of sheaves on Xg 







O 



T 







where T is a skyscraper sheaf supported at Xf^^ such that, over each singular point, it 
is given as one of the above types. Taking the corresponding cohomology sequence, we 
obtain 

<5 



(4.5) 







0. 



Since vr : — is a finite morphism, we have an isomorphism 

H\Xg,^,0*^) = H\Xg,0*^) 
hence, restricting sequence (14. 5 p to degree zero line bundles, we obtain 
(4.6) — y Tp ^ Jac(X,) ^ Jac(X,) — y 0. 

Since we are assuming that Xg has ri nodes with types Am,-i, z = 1, . . . ,ri and, that it 
has r2 cusps of types y4m'_i, j = 1, . . . , r2, then sequence (14. 6 p becomes 



^ (C*)'^^ X C^:ii(--2)/2+E;i,K-i)/2 ^ jac(X,) A Jac(X,) 
and this finishes the proof. 
4.2. The Prym. Consider the double cover, 

7f = TT o vf : — y X 

of X: 

X. 



X. 



□ 




X. 



We have the corresponding Prym variety (see Definition 13. 4p . Prym^(Xs) C Jac(Xs). The 
purpose of this section is to identify the short exact sequence obtained from the one of 
Proposition 14.11 by restricting to this Prym. We continue under the hypothesis of that 
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proposition, assuming that Xg has ri nodes with types Arm-i, i = 1, . . . , ri, and r2 cusps 
of types A^',_i, j = l,...,r2. 
Let 

ri r2 

(4.7) = ^ niiQi + ^ m'jqj 

i=i j=i 

be the decomposition of the divisor of s G H^{X, L^) into its even and odd parts. Notice 
that W : Xg X is ramified exactly over the odd part of the divisor Dg. 

Remark 4.2. Since deg(Ds) = is even, then r2 must be even. 

Define the divisor D'^ as 

(4.8) ^^ = ET^^ + E^^^r 

i=l j=l 

Then we have the short exact sequence 

(4.9) n,0^^ O^-i^Di) 
where D'^ is defined in (14. 8 p and ti^^^D'^) is the obvious divisor in Xg. 
Remark 4.3. It follows from Proposition 14.11 that 

dim Jac(Xs) = dim Jac(Xs) + deg(D^) 

hence, denoting by g{Xs) the arithmetic genus of Xs and g{Xs) the genus of Xs, 

giX,)=g{X,) + degiD:). 

Lemma 4.4. Let F be a line bundle over Xg. Then det(7f*7r*F) = det(7r*F) (g) Ox{D's)- 

Proof. Tensoring the short exact sequence (14. 9 p by F, noticing that F ®li^,0^ = 7f*7r*F, 
and then applying the push forward by tt (which has discrete fibres), we obtain the short 
exact sequence 

^ 7r,F TT.FF — ^ C^. 
on X. The result follows by taking determinants. □ 

In analogy with (13.31) . we define 

(4.10) % = {F e Jac'^+'^^(X,) I det(7r,F) = A} C Jac'^+'*^(X,). 

From Lemma Of the restriction to % of the map tt* : ^cic''-^'^^{Xs) Jac'^"^"'^ (X^) of 
Proposition 14.11 (which holds for any degree) takes values in 

%={Fe Jac^+'^^(X,) I det(7f,F) ^ k{D'^)}. 

If F and F' are two line bundles over Xg such that 7f*F = 7r*F', then det(7f*7f*F) = 
det(7fH,7r*-F'), so, again from Lemma [4.4[ det(7r^,F) = det(7r*F'). This shows that the fibre 
of the restriction of tt* to 7^ is the same as the fibre of ?r* : Jac'^+'^^(X,) ^ Jac'^+'^^(X,) 
in Proposition 14.11 Hence, we have the sequence 

— ^ {C*y^ X C^:'ii{™>-2)/2+E;iiK-i)/2 ^ t; ^ -yi ^ 0. 

Recall that the spectral curve Xs depends on the line bundle L and on the section 
s G H^{X,0{Ds)) with = 0{Ds). Conversely, if we have and a double cover 
TT : Xg ^ X ramified over Dg, we recover L since tt^^Ox^ — Ox © L^^ (cf. Lemma 17.2 
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of [2]). In the same way, we recover the hne bundle L over X, associated to the double 
cover Tf : Xg ^ X. 

Using the short exact sequence (14. 9p and the definitions of L and L, we obtain the 
following diagram with exact rows and column: 



Ox vr.Ox. L-^ 

^ Ox ^ vf,C»jf^ ^ Z-i ^ 

0. 

From this it follows that 

(4.11) L = Li-D'g). 

Now, the space % is clearly isomorphic to Pt, C Jac(Xs) defined by 

(4.12) P^ = {F e Jac(X,) I det(7r,F) = L'^} 
and, from (14. lip and Lemma 14. 4[ 

F(P^) = {F e Jac(X,) I det(7f,F) = L~^}. 
But, since det(7f,A^) ^ Nm^(A^) ® L'^ (cf. (ES])), we have 

n*{P^) = {Fe Jac(X,) | Nm^(F) = Ox} = Prym-(X,). 
We have thus proved the following result. 

Proposition 4.5. Suppose that the spectral curve Xg X has ri nodes with types Am,-i, 
i = 1, . . . , ri and, that it has r2 cusps of types Am'.-i, j = 1, . . . , r2. Let ti: Xg Xs be 
the normalization map and let 7t = n o n : — ?■ X. Then there is a short exact sequence 

(4.13) ^ (C*)'-^ X C^-i(™'-2)/2+^^-iK-i)/2 ^p^^ Prym-(X,) — ^ 0, 
where was defined in ^.1^ . 

5. COMPACTIFIED JACOBIAN AND PARABOLIC MODULES 

Theorem 13. 31 tells us that when X^ is singular, we must take into account not only line 
bundles on X^, but also rank 1 torsion- free sheaves on X^ (the case of a spectral curve with 
a single node goes back to Hitchin's paper [13] )• The space of these objects with degree 

d + di provides a natural compactification Jac'^^'^-^(Xs) of Jac'^'^'^^(Xs). Furthermore, as 
Xs lies inside the complex surface given by the total space T of L, its singularities are 
planar. From [1] and [211 Theorem A], this is equivalent to Jac'^'^'^^ (X^) being irreducible 
and, therefore, Jac'^+'^^(X,) is dense in Jac^+'^^(X,). Of course, the compactification of 
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Jac'^+'^^(X,) by rank 1, de gree d + di torsion- free sheaves is determined by the one of 
Jac(Xs) since all these spaces are isomorphic. 

We shall analyse here the effect of the compactification of Jac(Xs) on the bundle tt* : 
Jac(Xs) — )• Jac(Xs) of Proposition I4.H when Xg has singularities of type Am-i- 

In order to do this we shall use parabolic modules. These objects were first defined by 
Rego and they were intensively studied by Cook [U [S] . Cook's work generalizes to 
arbitrary rank and for any A, D, E singularity the work of Bhosle [1] for ordinary nodes. 

5.1. Parabolic modules for one ordinary node. For simplicity and motivation, let 
us start with the case of a unique ordinary node (m = 2), where we have the sequence 

(5.1) — ^ C* Jac(X,) ^ Jac(X,) 

which is a particular case of Proposition 14.11 Let p E Xg he the node and {pi,P2} = 
TT~^{p). The above sequence tells us that a hne bundle J-' over X^ is determined by a 
pair {F, A) consisting by a line bundle F over the normalization Xg and a non-zero scalar 
A G C*, such that J^\x\{p} — 7f*-^|x\{p} and J-p is given by the identification of Fp-^ with 
via A. In other words, J-" fits in the sequence 

(5.2) ^ ^n,F ^ Fp,® FpjUxiF) 

where Ux{F) is the 1-dimensional subspace of Fp-^ © Fp^ generated by (1, A). Recall from 
fOj) that 

Ox.,p = {(/l,/2) e Ci[ti] ©C2[t2] I /i(0) = /2(0)}. 

Since 

J'p = {{si, S2) e Ci[ti] © C2[t2] I ^2(0) = Asi(O)}, 

we see that J-" is indeed an invertible Ox^-^odule. 
This motivates the consideration of all pairs 

(F^UxiF)) 

with F G Jac(X<i) and Ux{F) a 1-dimensional subspace of Fp^ (BFp^. If Ux{F) is generated 
by (1, A) with A G C*, then these are the pairs {F, A) mentioned in the previous paragraph. 
But now we are allowing all 1-dimensional subspaces and these are parametrized by P^. 
The subspaces spanned by (1, 0) and (0, 1) correspond, respectively, to A = and A = 00 
in the compactification of C* by P^, so we now allow A G C U {00}. Such pairs were 
considered by Bhosle in [3| Definition 2.1] who called them generalized parabolic line 
bundles on Xg. If 

PMod2(X,) 

denotes the moduli space of such pairs {F,Ux{F)) (cf. Remark 15.21 below) then the pro- 
jection on the first coordinate 

pri : PMod2(X,) Jac(X,) 

gives PMod2(Xs) the structure of a P^-bundle over Jac(Xs): 

P^ — > PMod2(X,) ^ Jac(X,). 

Again from {F, Ux{F)) we construct a rank 1 torsion-free sheaf J-" on Xg, by taking J-" 
in the exact sequence 

— ^ J- ^ ?F,F — ^ Fp, © FpjUx{F) 0. 
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If A G C*, this is precisely the construction in f l5.2p . If A = 0, then 

= {{si, S2) e Ci[ti] © C2N I ^2(0) = 0} 

and, if A = 00, then 

J'p = {{Sl, S2) e Ci[ti] © C2[t2] I Si(0) = 0}. 

In any case J-'p is a 2-dimensional (9xs,p-niodule and therefore J-" is not invertible. So, 
using this construction, consider the map 

r : PMod2(X,) — > Jac(X,) 

defined by 

t{F,Ux{F))=J^. 
From [11, Theorem 3] we know that r is a surjective morphism and 

^|r-i(Jac(x,)) : r"^(Jac(Xj) — > Jac{Xs) 

is an isomorphism. Hence, via t\t—i(^j^c{Xs))^ the morphism prj^l,— i(jac(Xs)) is identified with 
TT* and the P^-bundle pr^^ is a fibrewise compactification of the C*-bundle vr* in flS.ip : 

PMod2(X,) Jac(X,) 



Jac(Xs). 

Moreover, the fibre of r over Jac(Xs) \ Jac(Xs) consists of two points which are not 
mapped, through pr^, to the same point of Jac(Xs). This shows that Jac(Xs) does not fibre 
over Jac(Xs) through pr^ and r. In Example 15.41 below, we will develop this observation 
in a more general setting. 

5.2. Parabolic modules for Am-i singularities. Let us now consider the generaliza- 
tion of this construction for the other kinds of singularities we are considering. 

Definition 5.1. Suppose that Xg has ri nodes Pi, ■ ■ ■ ,Pri, with pi of type with 
even and r2 cusps gi, . . . , gr-2! with qj of type Am'^_i with m'j odd. For each i = 1, . . . , ri 
let 7r~^(pj) = {p\,pI} and for each j = 1, . . . ,r2, let 7r~^(gj) = {qj}. A parabolic module 
on Xg on Xg is a pair {F,U_{F)) where: 

(1) F G Jac(X,); 

(2) U{F) = (f/i(F), . . . , UrAF), U[{F), . . . , where: 

• for each i = 1, . . . ,ri, Ui{F) is an /2-dimensional subspace of the vector 
space (Fpi © -Fp*)"*'''^ which is also a Oxs,pi-'<^odn\e via tt*; 

• for each j = 1, . . . ,r2, Uj{F) is an {m'j — 1) /2-dimensional subspace of the 

m'—l ^ 

vector space F-^/ which is also a O^s.^j-inodule via vr*. 

Remark 5.2. Definition 15. II is the special case of singularities of type Am-i of the general 
definition of Cook [3 [8]. For ordinary nodes only, a parabolic module is a generalized 
parabolic line bundle in the sense of Bhosle in [1]. Notice that, in the above definition, 
the condition for a subspace to be a C^x^.p-module via tt^,, is always satisfied for ordinary 
nodes. If we let 

m = (mi, . . .,mri,m[, . . . ,m^J, 
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then Cook constructed the moduh space 

PMod„(X,) 

of parabohc modules on Xs, associated to ri + r2 singularities of Xg of type indexed by 
m. 

From Proposition 14. II we have the bundle 

(5.3) iC*y' X C^:ii(--2)/2+E;iiK-i)/2 ^ jac(X,) A Jac(X,). 
As in the case of a ordinary node, consider the projection on the first factor 

pri : PMod„(X,) Jac(X,), {F,U{F)) h> F. 
Cook showed that the fibre of this projection is a product 

i=i j=i 

of ri+r2 closed subschemes, P{Ami-i) or P(y4^_i), of a certain Grassmannian (depending 
on the type of the corresponding singularity). These subschemes are, in general, quite 
complicated, but it is proved in [8i Proposition 2, p. 46] that P{Am-i) is connected for 
every m. 

Also, there is a finite morphism 

T : PMod^(X,) — > Jac(X,) 

such that t{F,U_{F)) is the kernel of the restriction 

i=i j=i 

The following is proved in Theorem 4.4.1 of [7]. 

Proposition 5.3. The restriction T|^-i(jac(Xs)) gives an isomorphism T^^{Jac{Xs)) = 
Jac(Xs). 

We conclude that, under the identification of the previous proposition, pril,-- i(jac(Xs)) 
is a fibrewise compactification of the bundle tt* in (15.31) . 

ri r2 

(5.4) J] P(^,n,-i) X II P(A„, _i) PMod^(X,) ^ Jac(X,) 



Jac(Xs). 

In conclusion, one can say that PModm(Xs) is a compactification of Jac(Xs) which 
fibres over Jac(Xs). This should be contrasted with the fact that the fibre of r over 
Jac(Xs) \ Jac(Xs) consists of a finite number of points which may not be mapped to the 
same point of Jac(Xs) by pr^^. The following is an example of this phenomenon. It will 
be important in the proof of Theorem 16.31 below. 
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Example 5.4. Let m ^ 2 be even, p G be the only singularity of type Am-i and 
7r^^(p) = {pi,P2}- Consider the trivial bundle over Xs and let Cp. be its fibre over 
Pi. Let 

(O^^,f/o(0^J)GPMod„(X,) 

where ?7o(C^J is defined by 

UoiO^J = {{vl, vl . . . , vZLl v^^) e (C,, © C,J"/2 I vf = if z is even}. 
Uo{O^J is then a subspace of (Cpj © CpJ™"/^ which is also a Cx^^p-module and 

(c,,©c,,r/vf/o(0xj = c;/'- 

By definition, r(0^^, t/o(O^J) = J" fits in 

(5.5) ^ ^ n^O^^ O^^^^^ © ■ ■ ■ © O^^^^^ 

^ V ' 

m/2 summands 

thus, over an open set U G Xg which contains p, 

(5.6) T{U) - {{su S2) e Ci[ti] © C2[t2] I S2(0) = 4(0) = ■ ■ ■ = 4^"^-'^/'^(0) = 0}. 
Now, consider the divisor 

m m 

over Xs, the line bundle 0^^(i?) and let 

{Oj^^{E),U^{0^^{E)) G PMod„(X,), 
where f/oo(Cjf (-E)) is given by 

U^{0^^ m = {{vl, vl vZL\,v-/') G (C,, © C,J™/^ I vi^, = if ^ is even}. 
Then Uoo{0^^{E)) is a subspace of (Cp^ © CpJ™/^ which is also a Ox^.p-i^odule and 

(Cp, © Cpj™/Vt^oo(Ox.(^)) = c^/^ 

So, if we consider J-"' such that it fits in 

(5.7) o^r^ n^O^^ O^^^^^ © ■ ■ • © O^^^^^ 0, 

^ V ' 

m/2 summands 

then, over U, 

(5.8) r(f/) - {(.i,.2) e Ci[ti] ©C2[t2] I si(o) = s'M = ■■■ = 4('"-')/')(o) = 0}. 

Tensoring the sequence 05.71) by tt^O^^{E) we conclude that 

Ti0^^iE),U^i0^^m) = r ®n^0^^iE). 
Now, from (15. 6p and (15.81) one has 

J^'0n,O^^{E) =F 

and thus 

(5.9) t{0^^,Uo{0^)) = t{0^^{E),U^{0^^{E)))=:F. 
But 
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while 

Hence Jac(Xs) does not fibre over Jac(Xs) via pr;^ and r. 

6. The fibre of the Hitchin map for irreducible singular spectral curve 

In the two preceding sections we have been analysing the structure of the Jacobian of 
Xg and its compactification by rank 1 torsion-free sheaves. Now we come back to our 
goal: the description of the fibre T-L^^i^s). 

For the remainder of this section, let s G H^{X, L^) be such that the spectral curve Xg 
is singular and irreducible. Thus Dg = div(s) has at least one multiple point, but s is not 
a square of a section of L (cf. Remark [3. 2p . 

6.1. Description of the fibre. As already mentioned, in order to have a description of 
the fibre of Ti over s, and taking into account Theorem 13.31 and Proposition 13. 6[ we now 
have to consider also rank 1 torsion- free sheaves over Xg. Let C Jac(Xs) denote the 
compactification of P.,, obtained by taking its closure inside Jac(Xs). Then is dense in 

K. _ 

Consider also the closure % C Jac'^^'^^(Xs) of defined in fl4.10p . induced by the 
compactification of Jac'^^'^^(Xs). Again, 7^ is a torsor for P^, the isomorphism %. ^ P-k 
being given by J-" h-?- J-" (g) Lq ^ where Lq is a fixed element of %■■ 

Theorem 6.1. Let s G H^{X, L^) such that Xg is singular and irreducible. Then 7^~^(s) 
is isomorphic to Tn- 

Proof. From the definition of TJr, it is clear that %■ C Ti'^ls). So elements in %t are in one 
to one correspondence with L-twisted Higgs pairs iV,(p) such that A'^V = A, det{ip) = s 
and tr^ip) = 0. All these are closed conditions, therefore if J-" G 7^, the L-twisted Higgs 
pair {V, if) obtained from J-" will also satisfy the same conditions. Finally, notice that, 
as in the smooth case, there cannot exist a yj-invariant line subbundle N G V = tt^.J-', 
because that would contradict the irreducibility of Xg. This ensures that {V,(f) is stable, 
hence 7^ C Ti'^^s). 

Conversely, let {V,(f) G 'H^^(s). It is then identified with a rank 1 torsion-free sheaf 
T G Jac'^+'^^(Xs) such that det(7r*J') = A. Now, let T' G Jac(Xs) represent the point 
corresponding to J-" under the isomorphism 3ac{Xg) ^ 3ac'^'^'^^(Xg). Then pr]^(r^^(J-'')) C 
PTjmj^{Xg) where pr^ and r are the morphisms in (15.41) . But pr^^ is a bundle which 
is a fibrewise compactification of the bundle tt*, so, when suitably restricted, it also 
compactifies the bundle fl4.13p . Hence J-"' G Pj^ i.e. E %■ □ 

The dimension of the fibre of H in the case treated here can be easily computed. 

Proposition 6.2. Let s G H^{X, L^) be such that Xg is irreducible. Then dim('H~^(s)) = 
dL + g-l. 

Proof. If Xg is smooth, this is just fl3.7p . Thus it suffices to consider the case when Xg 
is singular and irreducible. The ramification divisor of W : Xg X is Dg = Yl^jLi^j- 
Therefore, by the Riemann-Hurwitz' formula, the genus of Xg is 
(6.1) g{Xg)=2g-l + r,/2, 

where we recall that r2 is even (see Remark 14.21) . 
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From (KT^ . 

dim'P^ = dimP^ = dimPrym^(Xs) + ^ mi/2 + ^{m'j - l)/2 

i=i j=i 

and dimPrym^(Xs) = g{Xs) — g. Hence from (16.11) . 

dimPrym:ji.(Xs) = g - 1 + r2/2. 

Therefore, from Theorem 16. the dimension of the fibre of "H over s is 

dim Tn = dim = 51 - 1 + - I ^ + ^ j =dL + g -I- 

\i=l i=l J 

□ 

6.2. Connectedness of the fibre. Now we can prove that the fibre of H is connected. 

Theorem 6.3. Assume deg(L) > and let s G H^{X,L'^) be such that Xs is irreducible. 
Then the fibre ofH : Ai^ — ?■ L^) over s is connected. 

Proof. If Ds = div(s) has no multiple points, T-L'^i^s) = Tn = Prym^(Xs) hence connected. 
(Here we use that Xg ^ X is ramified because deg(L) > 0, cf. Remark 13.51 ) 

Suppose now that Ds has multiple points. From (15. 4p we have the morphisms r and 

(6.2) r-^(ir)^Prjrn-{Xs) . 

T 

Assume that Prym^(Xs) is connected. This occurs if and only if the cover vf : — )■ X 
is ramified, which is equivalent to saying that Dg has some point with odd multiplicity. 
From sequence (I4.13p . P^ is connected hence P^ is connected, because P^ is dense in P^ 
(recall that Jac(Xs) is dense in Jac(Xs)). 

Suppose now that Prym:ji.(Xs) is not connected, i.e., that Dg is twice another divisor. In 
[T7] Mumford shows that Prym-(Xs) has two components, which we denote by Prym5,(Xs) 
and Prym^(Xs), and that the difference between them lies in the parity of the dimension 
of the space of sections: 

Prym^(X,) = {F E Prym^(X,) | dimif°(X„ P ® 7f*Po) even} 

and 

Prym^(X,) = {P G Prym^(X,) | dim/70(X„ P ® 7f*Po) odd} 
where Pq is a fixed square root of the canonical line bundle K of X. Moreover, given 
q E Xs and 

(6.3) P G Prym^(X,) 
then 

(6.4) P(g-a(g))GPrym^-(X,), 

where a : X,, — )■ X^ is the involution exchanging the sheets of the double cover vf : X^ — > X. 
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Returning to P^, we see from fl4.13p that has two components, because it is a bundle 
over a space with two connected components with connected fibre. Moreover, since pr^ 
in f l6.2p is a bundle which compactifies fibrewise n* in fl4.13p . the space r~^(P^) also has 
two connected components. We shall use the construction of Example 15.41 to show that 
the images under r of these two components intersect in P^^. We begin by considering two 
special cases. 

Case 1. Suppose that Ds = mp with m = 2 mod 4. Let 

Fo = pTi\O^J and F, = pi^\0^^{{m/2)p, - {m/2)p2)). 

It follows from Example 15.41 that t{Fo) intersects t{Fi) because, by (15. 9p . we have that 
J-' defined in (15. 5p belongs to t(Po) H t(Pi). Now, since tt~^{p) = {^1,^2}, we have 
cr(pi) = P2- Furthermore Oj^^E Prym^(Xs). Thus it follows from (16. 3p . (16. 4p and (16. 2 p 
that 

Ojf^((m/2)pi - (m/2)p2) G Prym^(X,). 

The conclusion is that the images under r of the two components of t~^{Pt^) intersect. 
Therefore P,r is connected and hence the same holds for 7^. 

Case 2. Suppose that = mp with m = mod 4. Take again Fq = prj~^(OjfJ, but 
now consider (Ojf^(pi — p2),U{Oji^{pi — P2))) G Pi = pT^^{Oji^{pi — P2)), where 

U{0^^ (Pi - P2)) = {{vl vl . . . , vZL\, vZ^') G (C,, © C,J"/2 I 

vl = and vl^"^ = 0, for 2 ^ i ^ m — 2 even}. 

Then U{0^^{pi — P2)) is an m/ 2- dimensional subspace of (Cp^ © Cpj)"^/^ and it is an 
(9xs,p-niodule. Using very similar arguments to those of Example 15. 4^ one sees again that 
r(Po) intersects t(Pi). Moreover, by (16. 4p . Pq and Pi are fibres over different components 
of Prym^(Xs). Hence the images under r of the two components of t^^{Pt^) intersect and 
we conclude that P^ and 7^ are connected. 

The general case is proved by using the appropriate local construction at each of the 
singularities to construct Pq and Pi contained in different components of t~^{Pt^) whose 
images under r intersect in P^^. □ 

7. The fibre of the Hitchin map for reducible spectral curve 

In this section we shall analyse the fibre of l-i : M.^ — ?■ H'^{X,L'^) over the sections 
s such that the spectral curve Xg is reducible. We shall resort to a direct method for 
describing the fibre 'H~^(s). We start by constructing certain fibre bundles over the 
Jacobian, which will be used in the analysis of the fibre of the Hitchin map. This is 
carried out in Section 17. where we also state a structure theorem about the fibre. The 
proof of this theorem takes up the next two sections. In Section 17.21 we construct families 
of Higgs pairs over these fibre bundles, thus obtaining morphisms from their total spaces 
to the fibre. Having established that, in Section 1731 we show that these families give rise 
to a stratification of the fibre. Finally, in Section I7.4[ we put the results of the preceding 
sections together to obtain the connectedness and dimension results for the fibre in the 
case of reducible spectral curve. 
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Recall from Remark 13.21 that Xg is reducible if and only if the section s G H^{X,L'^) 
admits a square root s' G H^{X,L). Throughout this section we fix such a square root. 
Thus we have 

(7.1) = 2D', 

and L = 0{D'), where where Ds and D' are the (effective) divisors of s and s' respectively. 

7.1. Stratification of the fibre of the Hitchin map. First we introduce some nota- 
tion. For any effective divisor D on X and any line bundle M G Jac'"(X) of degree m, 
define subspaces of if°(D', M^LA^^) as follows: 

(7.2) 

E{D,M) = {qe H\D\M^LK-^) \ q^o'-o = 0}, 
(7.3) 

mM)^{,GifO(D^M^LA-)| ifO<D(p)<D'(,) 

\q[p) = otherwise 

Remark 7.1. Recall that if A = 'Y^riiPi is any effective divisor in X, then, choosing a 
local coordinate Zi centred at pj, a global section of Ca can be written as ^ fi{z) where 
Lo (^kZ^- Thus, if we choose a local coordinate z around each p G Supp(L''), 
the space E{D, M) consists of sections of the form 

D'{p)-1 
peSupp(D') k=D'{p)-D{p) 

and the space F{D,M) consists of such sections with aD'(p)-D{p) 7^ (we interpret an 
empty sum as being equal to zero). 

Note that the space E{D, M) is a linear subspace of H^{D\ APLA-^), while F{D, M) 
does not contain zero unless D = 0, in which case F{D, M) = 0. We gather some obvious 
observations about these spaces in the following Proposition. 

Proposition 7.2. (1) The spaces E{D, M) give a filtration of H^{D' , M'^LA^^) indexed 
by divisors D satisfying ^ D ^ D' . Thus 

Dii^D2 =^ E{Di,M) C E{D2,M). 

Moreover, E{D,M) = %f and only if D = 0, and E{D,M) = H%D' , M"^ LA'^) if and 
only ifD^D'. 

(2) The space E{D,M) is the disjoint union 

E{D,M)= U F(D,M). 

(3) For any two effective divisors Di and D2 on X , we have 

E{D^, M) n E{D2, M) = E{mm{Di, D2}, M), 
E{Di, M) U E{D2, M) = E{max{Di, D2}, M). 

Remark 7.3. U D ^ then F{D,M) is a linear subspace of H°{D', M'^LA''^) with a 
hyperplane removed. Thus C* acts by multiplication on F{D, M) and 

(7.4) dim F{D, M)/C* = deg{D) - 1. 
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Definition 7.4. Let D be a divisor satisfying ^ D ^ D' and let m be an integer. We 
denote by 

(7.5) ^(D,m) ^ Jac'^(X) 

tlie vector bundle (constructed using the degree m Poincare line bundle) whose fibre over 
M e Jac'"(X) is E{D, M) and by 

(7.6) J^{D,m) — >Jac'"(X) 

the subbundl^, whose fibre over M is F{D,M). In particular, J^(0,m) = £{0,m) = 
Jac'"(X). 

Remark 7.5. Clearly the properties stated in Proposition 17.21 and Remark 17.31 give rise to 
analogous properties for S{D,m) and J^{D,m). 

Remark 7.6. Notice that, if d is even, the only compact £{D,m) is £{0,d/2), whereas if 
d is odd, the compact S{D,m) are those of the form S{D, {d — l)/2), i.e. those such that 
deg(D) = 1. 

Now we state the relation between the spaces £{D,m) and J^{D,m) just introduced 
and the fibre of the Hitchin map. 

Theorem 7.7. Let s G H^{X, L^) \ {0} be such that D,, = 2D' and L = 0{D'). For any 

integer m and any effective divisor D ^ D' such that 

(7.7) d/2 - deg(D) ^ m ^ d/2, 

there is a morphism p: S{D,m) — > Ti^^ls) with the following properties: 

(1) The union of the images p{S{D, m)) over all {D, m) satisfying the above conditions 
covers the fibre 1-L~^{s). 

(2) If mi satisfies ( [7. 7| ) for a fixed divisor D, then so does m2 = d — deg(-D) — mi and 

piFiD,mi))=p{F{D,m2)). 

(3) If D ^ 0, then there is a fibrewise C*-action on F{D,m) and the restriction of p 
factors through the quotient to induce a morphism 

p: F{D,m)/C* ^n-\s). 

This morphism is an isomorphism onto its image, unless m = {d — deg{D))/2. In 
the latter case it is generically two to one, ramified at the preimage in J^{D,m) of 
the locus of line bundles M G Jac™(X) satisfying = A(--D). 

(4) If D = 0, then m = d/2 and the restriction of p to J^{0,d/2) 

p: J^(0,d/2) ^n-\s) 

is generically two to one, ramified at the locus of line bundles M G Jac'^''^(X) = 
F{0, d/2) satisfying ^ A. 

Proof. The proof takes up the next two sections. In Section[7]2]we construct the morphism 
p and show that it descends to the quotient by C* when D (cf. Remarks 17.31 and l 7.5p . 
In Section 17.31 we prove the remaining properties stated. □ 

Remark 7.8. As will be seen from the construction, the morphism p depends on the choice 
of the square root s' of s. 

""^Note that this bundle is not a vector bundle. 
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There is a certain redundancy in the description of the fibre of Theorem 17.71 Indeed, 
note that in (2) of the theorem, we have mi = 1712 if and only if mi = {d — deg{D))/2. 
Thus we may, by using the larger of the mj, write 

n-\s) = [jpi£iD,m)) = [jpiJ^iD,m)), 

where the union is over {D,m), with D an effective divisor D ^ D' such that 

(7.8) {d-deg{D))/2^m^d/2. 

7.2. Construction of the morphism p. Any element of S{D,m) is given by a pair 
(g, M), where M e Jac™(X) and 

(7.9) qeE{D,M). 

In order to construct a pair (V, (f) G H'^ls) from this data, we shall make use of the short 
exact sequence of complexes of sheaves — )■ C* — )■ C* — )■ C* — )■ given by the diagram 



(7.10) 











Co-. 



2 A -1 w 



APA 



2 A-l 



' ^ M^LA-' 



r(D') 



° . /l#2 r A-l 







M^LA-^D' 



0, 



where the map c is defined hj ^ s'lp and r{D') denotes the restriction to the 
divisor D' . The associated long exact sequence in hypercohomology shows that r[D') 
yields an isomorphism 



r{D') : (X, C') ^ M\X, C') = H\D', M'^LA 

With respect to some open covering U = {Ua} of X, choose a representative {xab,ya) of 
the class r{D')^^{q) G H[^(X, C') corresponding to q of (17. 9p . Then 



(7.11) 



-1 s'x 



ab = Vb- Va 



and ya\D' = ^iD'nc/a- We shall construct a pair {V.ip) from {xab^Ua) as follows. We let V 
be the vector bundle defined by taking on each open Ua the direct sum 

(7.12) M\u^®M-^A\u^ 

and gluing over Uab via the map 



(7.13) 



ah 



1m-ia 
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Also over each open Ua, consider the section of H^{Ua, Endo(M©M~-'^A) ®L) given, with 
respect to the decomposition (I7.12p . by 



(7.14) if^ 



-1-s' ya 
-^/^s' 



From flT.llI) . one has fab'^b = fafab, so {v^a} gives a global traceless endomorphism ip : 
V ^V^L. 

Remark 7.9. The long exact co homology sequence associated to the vertical short exact 
sequence on the right of (17.101) gives an isomorphism H^(X, C*) = H^{X, M'^A^^). The 
vector bundle V is just the extension 

— > M — >V — ¥ M-^A — ¥ 

given by the image of r{D')^^{q) under this isomorphism. The point of the preceding 
construction using hypercohomology is that it provides a convenient way of encoding the 
construction of ip. 

Note also that when D = 0, we have g = which gives rise to = M © M~'^A and 
'^s' 



-a/^s' 



We have thus constructed a Higgs pair (V, (p) with det{ip) = s. Moreover, by construc- 
tion 

M = ker((/9 - s') C V. 

It remains to prove that (V, y?) is semistable. For that we need the following obvious 
observation. 

Proposition 7.10. Let (V, ip) be an L-twisted, rank 2 Higgs pair with A^V = A. Assume 
that det{(p) G if°(X, L^) has a square root s' G H^{X,L). Let M± = ker((^ ± s') and let 
D = div(e), where e: M+M_ A is induced by the injective sheaf map M+ © M_ ^ V. 
Then 

M+M. = A{-D). 
Moreover, M_|_ and M_ are the only ip-invariant subbundles ofV. 

In view of this proposition, we only need to check that the semistability condition 
holds for the yj-invariant subbundles M and M^^A{—D). But this is equivalent to the 
assumption fl7.7p . 

We note that our construction can clearly be carried out in families, and thus the set 
theoretic map p : S{s) ^ H~^(s) given by 

p{[q],M) = isomorphism class of (V, v?) defined above 

is in fact a morphism. 

Finally, in order to see that when D ^ 0, the morphism p: J^{D, m) — )■ Ti^^^s) descends 
to the quotient J^{D, m)/C* proceed as follows: if we carry out the above construction with 
Pq for some /3 G C* we obtain a pair {V, ip) and we get an isomorphism g : (V, ip) — (V^, ip) 
by defining locally, with respect to the decomposition M\u^ © M~^A\ij^, 

for a choice a square root ^/]3. 
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7.3. Conclusion of the proof of Theorem 17.71 We start by some preliminary ob- 
servations and results. Let (V, v^) G ^/^^(s), with s G L^) \ {0} such that is 
reducible. Then (V, if) is a rank 2 semistable L-twisted Higgs pair, such that A^V = A, 
ti^ip) = and det(v9) = s. Thus ip has eigenvalues 

±s' G H%X,L) 

which are generically non-zero. Consider the divisor 

(7.15) = div(±s'). 
Then we have Dg = 2D' and 

(7.16) deg(D') = dL. 
Let Ml, M2 C 1/ be defined by 

Ml = ker((y9 - s') and M2 = keT{if + s'). 

Since, for i = 1,2, Mj is locally-free and V/Mi is torsion-free, it follows that Mj is in 
fact a line subbundle of V. Moreover, on the complement of the divisor D', we have a 
decomposition V = Mi © M2 with respect to which ip = ( ^ _° ' ) • Even though this does 
not extend over D', we shall still refer to the Mj as eigenbundles of <f. 
Let 

(7.17) D = div(e), 
where 



(7.18) 



e: M1M2 — > AV 
X ®y I — )■ X A y 

is induced by the inclusion Mi © M2 Then by Proposition 17.101 we have M1M2 = 

K{—D) and hence for i = 1,2 

(7.19) d/2 - deg{D) ^ deg(Mi) ^ d/2, 

where the second inequality follows from semistability of (V, ip). 

Next we carry out a more careful analysis of ip over D'. Recalling that A = A^V, we 
have the canonical extension 

(7.20) — ^ Ml — >V '"^"^-^ Mf U — > 0. 

Over a small open set U in X, we can choose a splitting Vp = M^u © {M{^A)p. Using 
the definition of Mi and the fact tT{ip) = we see that, with respect to this decomposition, 
(p\u is of the form 

(7-21) ^l^=(o -s' 

for some q. We shall show that the restriction of q to D' (in the scheme theoretic sense) 
is independent of the choice of splitting. 

Proposition 7.11. There is a well defined section 

(7.22) q^e H\D',M^LA-^) 

given by restriction of ip + s'ld to D' . 
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Proof. Restrict the sequence fl7.20p to D'. Since ip{t) = s't for any local section t of Mi 
and s' vanishes over D\ the restriction yjp/ factors through (M]~^A)|£)'. The restriction of 
s'ld: y — 7- VL similarly factors and hence so does (y? + s'Id)|£)/ : V\d' giving 
a map 

Now the local form (17.211) of if shows that the composition ipi with the projection 
(yL)i£)i — )■ (M]~"^A)m' vanishes. Hence we have a lift of (pi to a map 



as claimed. 



We have that q^ is a holomorphic section of MfLA ^, 
7^ and div(g^) is the corresponding divisor, then 



□ 



over the subscheme D' so, if 



(7.23) 



div(g^) ^ 0. 



Lemma 7.12. Let q^ be the section given in Proposition \ 7.11\ let D' be the effective 
divisor defined in jl.l^ and let D be the effective divisor defined in ( [7. j?p . Then the 
following statements hold. 

(1) Ifq^ ^ 0, then div(g^) = D' - D. 

{2) O^D ^ D'. 

(3) q^p = if and only if D = 0. 



Proof. First note that (2) follows immediately from (1) and f l7.23p . In order to prove (1) 
and (3), we consider the local form f l7.2ip of in a neighbourhood [/ of a point p G X. 
Let ki{p) = ordp(s') ^ and k2{p) = ordp(g) ^ so that, if 2; is a local coordinate on U 
centred at p, then 



s'{z) = z'^'^P^ f'^{z) and g(z) = z^^^^^ 

with ordo(/^) = ordo(/q) = 0. 

Let {zi, Z2) denote the coordinates on C © C. We have chosen a trivialization of V over 
U such that M\u is defined by the equation Z2 = 0, i.e., M\u is the subspace of C © C 
generated by the vector (1,0). Also, the other eigenbundle M~^A{—D)\ij is defined by 
the equation 

2s' Zi + qz2 = 0. 



We have the following observations: 

• if ki{p) < k2{p), then M''^A{—D)\u is the subspace of C 
vector (0, 1), thus e : M1M2 — )■ A'^V does not vanish in p; 

• if ki{p) = k2{p), then M^^A{—D)\u is the subspace of i 
vector (1, — 2/^(0)/g(0)~^), so again e is not zero in p; 

• if ki{p) > k2{p), then M~^A{—D)\ij is the subspace of C 



C generated by the 
C generated by the 
C generated by the 



vector (1, 0), and now e vanishes in p with ordp(e) = ki{p) — k2{p) > 0. 
By definition, D = div(e), so we have just seen that 



D{p) 



ki{p) - k2{p) 




if ki{p) > k2{p) 
otherwise. 
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Furthermore, D' = div(s'), i.e., D'{p) = ordp(s') = ki{p). Hence 
(7.24) Dip) -- 



D\p)-k2{p) iiD\p)>k2{p) 
otherwise. 



Now notice that at each point p G Supp(D') the section is given exactly by the value 
of g at p (cf. frmj) ). i.e., 

div(g^)(p) = ordp(g) = fcalp)- 

Hence, fl7.24p proves (1). 

Finally (3) also follows from ([721D. □ 

Remark 7.13. In the situation of irreducible spectral curve X^, the eigenbundles are only 
globally well defined for the pull back of (V, ip) to Xg. However, one may still define a 
divisor D on X by using the locally defined eigenbundles, and it turns out that D = D', 
in contrast to the present situation. The basic reason for this is that on the spectral curve 
the eigenbundles are interchanged by the involution on Xg, thus tying them more tightly 
to each other. 

Finally we can finish the proof of Theorem 17. 7[ We start by proving (1). Let {V,(f) G 
^{"^(s). In the preceding we have constructed a divisor D satisfying ^ D ^ D' (by 
Lemma l7.12p and a yj- invariant line subbundle Mi C V such that m = deg(Mi) satis- 
fies the bound ([72D (by dZH])). We also constructed G {D' , Mf LA'^) , which by 
Lemma 17.121 satisfies G E{D,M). Thus we have associated to (y,Lp) G Ti'^^s) an 
element 

aV,ip) = {q^,Mi)e£iD,m). 
Analysing the construction of the morphism p given in Section 17. 2[ it is easy to see that 

piav,if)) = iv,if). 

This proves the surjectivity of p. 

In order to prove the remaining claims of Theorem 17. 7^ let Mj be the eigenbundles of 
a pair (V, (f) for i = 1,2. We carried out the preceding construction of ({V, ip) using 
the eigenbundle Mi, but we could equally well have carried it out using the eigenbundle 
M2, which has degree deg(M2) = d — deg{D) — deg(Mi). This proves (2) of Theorem 17.71 
Finally the remaining claims of the theorem follow because it is easy to see that the choice 
of the eigenbundle Mi is the only ambiguity in the construction. Thus p: S{D,m) — )■ 
^/^^(s) can only fail to be injective if m = d — deg{D) — m <^==^ m = {d — deg(D))/2 
and the eigenbundles are non isomorphic, in which case p is two to one. 

7.4. Connectedness and dimension of the fibre. For a given m, let dm be the smallest 
integer greater than or equal to d/2 — m, i.e., 

(7.25) dm = \d/2 - m] 
and define 

g{m)= [j S{D,m). 

deg{D)^dm 

Then Theorem 17.71 shows that 

(7.26) ^"^(s) = U p{S{m)) 

d/2-dL^m^d/2 
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Lemma 7.14. The subspace p{£{m)) C H^^i^s) is connected for any m satisfying d/2 — 
dL^m^ d/2. 

Proof. It suffices to see that £{m) is connected. But from (1) of Proposition 17.21 we have 

y E{D, M) = H\D', M^LA-^). 

Hence S{m) is simply the natural vector bundle over Jac'"(X) with fibres H^{D', M^LA~^). 

□ 

We now prove that the fibre of T-L over a point such that the spectral curve is reducible, 
is connected. 

Theorem 7.15. Let s G H^{X,L'^) \ {0} such that is reducible. Then the fibre of 
Ti : Ai^ —7- H^{X, L^) over s is connected. 

Proof. For any m, take a divisor D of degree dm (defined in fl7.25p ). Then 

d - deg{D) - m = [d/2] 

and (2) of Theorem 17.71 shows that 

p{S{m))np{S{[d/2]))^(lS. 

The conclusion is now immediate from fl7.26p and Lemma [7. 141 □ 

Now we compute the dimension of every stratum of the fibre and, since it is connected, 
of the fibre itself. 

Proposition 7.16. If s e H^{X,L'^) is such that Ds = 2D' and L = 0{D'), then: 

(1) dimJ^(0,rf/2) = g; 

(2) for any effective divisor D ^ D' and m satisfying 7| j, dim J^(_D,m) = deg(D) + 

(3) dim'H-i(s) =dL + g-l. 

Proof. Immediate from the definition of J-'{D,m) and Theorem 17.71 □ 

Hence, every stratum of ^^"^(s) has dimension less or equal than deg{D') + g — 1 = 
dL + g — ^ and this upper bound is reached only by -F(-D', m) for any integer m such that 
d/2-dL^m^ d/2. 

Remark 7.17. Recall that L = 0{D'). Let now D be a divisor such that D > D', and 
consider L = 0{D). Denote by the moduli space of L-twisted Higgs pairs and let 
% : Ai^ — )■ H^i^X^ L"^) be the corresponding Hitchin map. Let E{D,m) be the space 

defined in the same way as E{D, m) in fl7.2p . but now using JD instead of D' . By Remark 
17.11 we see that, for an effective divisor D such that D ^ D' , there is a natural inclusion 

E{D, M) ^ E{D -D' + D,M), 

which induces an inclusion 

£{D, m) ^ £{D -D' + D,m), 

where £{D -D' + D, M) is the bundle over Jac™(X) whose fibre over M is E{iD - D' + 
D,M), as in Definition 17.41 Now, we have a map p : S{D,m) — > Ti'^ls), depending on 
a choice of a square root s' of s (see Remark 17.81) . satisfying the conditions of Theorem 
17. 7[ Given s' G H^{X,L), we can apply Theorem 17.71 to 'H~^(5'^), to get a map p : 
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£{D — D' + D,m) — > "H ^(s'^), depending on the choice of s', and satisfying all the 
conditions stated in that theorem. This, together with the above inclusions, induces an 
inclusion n'^is) ^ n-^{s'^). 

In other words, the fibre of "H : H°{X, L^) over e i?°(X, L^) such that X, is 

reducible, can be identified as a subvariety of the fibre of "H : Ai^ — )■ H^{X, L^), over an 
s G H^{X, L^) such that Xg is reducible and L is a line bundle of the form L = 0{D) for 
some D > D' . 

8. Main Theorem 

We finish by putting everything together to obtain the following main result. 

Theorem 8.1. Let L X he a line bundle with deg(L) > and letH : H^{X, L^) 

be the Hitchin map. For any section s G H^{X, L"^), the fibre 'H~^{s) is connected. More- 
over, if s ^ 0, the dimension of the fibre is dim('H^^(s)) = dL + g — 1. 

Proof. Assume first that s ^ 0. The connectedness of ^^"^(s) is immediate from Theo- 
rems EISl and I7.15"l The dimension formula follows from fl3.7p . and Propositions 16.21 and 

It remains to prove that 7/^^(0) is connectecjl. Assume that this is not the case. Then 
there exist non-empty open sets U and V in Ai^ such that ^"^(0) <^ U U V. Since 
proper maps are closed, there is an open ball around zero, W C L^), such that 

T-L~^{W) C f/ U Hence we may write 1-L~^{W) = U U V for non-empty disjoint open 
sets U and V. The connectedness of the fibres 1-L~^{s) for s 7^ implies, again using that 
% is closed, that H'^iW \ {0}) is connected. Hence either U or is contained in the 
fibre over zero and is therefore a connected component of the moduli space Ai^. Since 
the moduli space is connected (Proposition 12. 5p we have reached a contradiction. □ 

Remark 8.2. Throughout this paper we have always considered a line bundle L of positive 
degree. Let us say a few words about the situation for L with deg(L) = 0. 

Suppose that deg(L) = and that s G H^{X, L?) is non-zero. Hence, = O and 
s G C*. Suppose that s does not admit a square root. Then the spectral curve vr : — )■ X 
is a non-trivial unramified double cover. In this case, we are in the smooth generic 
situation, and H^^{s) = Prym^(Xs). However, as shown in [17j, Prym^(Xs) has two 
connected components, thus the fibre of "H over s is disconnected. 

On the other hand, if s = s'^ for some s' G C*, then L = O, and X^ is a disconnected 
double cover of X. If (V, G n'^s), then M® AM"! and 

^ = ±(^"^^' _JL_^^^^ for some M G Jac'^/2(X,). 

It follows that there is a double cover Jac^/^(X,)U Jac'^^^(X,) ^ H-^{s), ramified over 
pairs {V,(f) such that V = M ® AM'^, with ^ A. In other words, ^-^{3) is the 
disjoint union of two copies of Jac'^''^(Xs) glued together along the subvariety defined by 
= A. Hence is connected and has dimension g. Finally, notice that the image 

of p : J^{0,d/2) n'\s) in (4) of Theorem O (in the case of deg(L) = > 0) can 
be identified with the image of the above ramified double cover J&c'^/^{Xs) ^H'\s) for 
L = O. This is an example of the phenomenon described in Remark 17. 171 



This argument was outlined to us by the referee. 
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